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Abstract

The Balance constraint introduced by Beldiceanu ensures solutions are
balanced. This is useful when, for example, there is a requirement for
solutions to be fair. Balance bounds the difference B between the
minimum and maximum number of occurrences of the values assigned to
the variables. We show that achieving domain consistency on Balance is
NP-hard. We therefore introduce a variant, AllBalance with a similar
semantics that is only polynomial to propagate. We consider various forms
of AllBalance and focus on AtMostAllBalance which achieves what is
usually the main goal, namely constraining the upper bound on B. We
provide a specialized propagation algorithm, and a powerful
decomposition both of which run in low polynomial time. Experimental
results demonstrate the promise of these new filtering methods.

Basic notions

I Number of occurrences (occ(v)) : Number of times that a value is
allocated.

I Example :
Variable Xw ,d : task done by the worker w on day d

Possible values : , ,

Domain : worker qualifications

I Satisfaction of constraint C : An assignment satisfies C if the set of
values allocated obey the relation defined by C.

I Domain consistency : When all the values in the domains contribute to
a potential solution (solution that satisfies the constraints).

I Constraint decomposition : Breakdown of a constraint into multiple
simpler constraints.

The Balance Family

I

Balance([X1, . . . ,Xn],B)
⇐⇒ B = max

v∈{X1,...,Xn}
occ(v)− min

v∈{X1,...,Xn}
occ(v)

I

AllBalance(V, [X1, . . . ,Xn],B)
⇐⇒ B = max

v∈V
occ(v)−min

v∈V
occ(v)

I

AtMostBalance([X1, . . . ,Xn],B)
⇐⇒ B ≥ max

v∈{X1,...,Xn}
occ(v)− min

v∈{X1,...,Xn}
occ(v)

I

AtMostAllBalance(V, [X1, . . . ,Xn],B)
⇐⇒ B ≥ max

v∈V
occ(v)−min

v∈V
occ(v)

I AtLeastBalance and AtLeastAllBalance

Examples
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Robert
⇒
{

occ( ) = 0, occ( ) = 5
occ( ) = 2

Balance B = max−min = 5− 2 ⇒ B = 3
AllBalance B = max−min = 5− 0 ⇒ B = 5

AtMostBalance B ≥ max−min = 5− 2 ⇒ B ≥ 3
AtMostAllBalance B ≥ max−min = 5− 0 ⇒ B ≥ 5

AtLeastBalance B ≤ max−min = 5− 2 ⇒ B ≤ 3
AtLeastAllBalance B ≤ max−min = 5− 0 ⇒ B ≤ 5

Results

Original “Al”
Balance NP-hard Polynomial

AtMostBalance NP-hard Polynomial

AtLeastBalance Polynomial Polynomial

Filtering algorithm for AtMostAllBalance

1. Find a potential solution that satisfies AtMostAllBalance and such that
the balance variable B is minimal.

2. Let q = min
v∈V

occ(v).

3. Run filter algorithm for GCC([D(X1), . . . ,D(Xn)], [O1, . . . ,Om]) where
Oi ∈ [q, q + max(B)] ∀i and mark values that have a support.

4. If no values were filtered, mark all values since they all contribute to a
potential solution for AtMostAllBalance.

5. If a value was filtered, as in step 3, mark values with
I Oi ∈ [q + 1, q + max(B) + 1] ∀i if ∃ a Hall set
I Oi ∈ [q − 1, q + max(B)− 1] ∀i if ∃ an unstable set

6. Remove all values that are not marked.

Decompositions of the AllBalance family

Decomp.

GCC([X1, . . . ,Xn], [O1, . . . ,Om])
P = max({O1, . . . ,Om})
Q = min({O1, . . . ,Om})
B = P − Q

Implied

Decomp. +
{

mP − (m − 1)B ≤ n
mQ + (m − 1)B ≥ n

Implied+

Implied +



m∑
j=1

max(P − B,Oj) ≤ n ≤
m∑

j=1

min(P,Oj)

m∑
j=1

min(Q + B,Oj) ≥ n ≥
m∑

j=1

max(Q,Oj)

Results for a scheduling problem

I m tasks by day, m workers, and n days;

I AllDifferent for each day (all tasks are performed by distinct workers);

I AtMostAllBalance for each worker (the workload of each worker is
balanced over all tasks);

I Random unavailability to make the instances more real (25 instances for
each couple (n,m));

I Minimization of the largest balance over workers.

Conclusion

1. We proved that achieving DC on Balance and AtMostBalance is
NP-hard.

2. We introduced decompositions that perform well in practice.
3. We proposed a filtering algorithm for AtMostAllBalance that

a) achieves domain consistency;
b) runs in polynomial time;
c) performs better than the decompositions.
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