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Outline

O My first contact with constraint
pProgramming

O The all-different constraint
O The global cardinality constraint
O The unter-distance constratnt

0 Post-doctoral work




O [ took Peter’s course Lin
Cownstraint Programming

The field requires efficient
algorithms that are executeo
gazillions of times.

Project: To implement Thiel
anod Mehlhorn’s aLLdiff

propagator. ———
Peter van Beek




The All-Different Constraint

AT DIBRBRENREGESS X e — N X

0O Scheduling: We want execution times to
be all different.

O Ewncoding permutations.

O Sowmetlmes, one slmpLg wants things to
be different!
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AT DIBRBRENREGESS X e — N X

REOLN ‘94 DomaLn o (Wt5d)

Leconte ‘96 RaAnge O (n?)

Puget 98 Bounds o (w log n)

Mehlhorn § Thiel Bounds o (w)

Lopez-Ortiz,
uimper, Tromp, § Bounds o (n)
van Beek
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1) Make domatins Lntervals
2) Remove all tnconsistent values
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1) Make domatins Lntervals
2) Remove all tnconsistent values

Mehl

Lé‘

RULM
S —p—
van Beek




The All-Different Constraint

AT DIBRBRENREGESS X e — N X

RO ‘94 Domatin o (nt-2d)

Leconte 96 rRAange o (n?)

Puget 98 Bounods o (w log n)




A

-

- 1) Make domains intervals
2) Shrink tntervals




The All-Different Constraint

A n —— [ X7 i x> / < > .
Bouwnds Oowsustewcgj

X,e{ 2 3 4 5)
X, € { 3 4 5)
XgE{l 2 3 }
X4E{ 2 3 }

- 1) Make domains intervals
2) Shrink tntervals




The All-Different Constraint

A n —— [ X7 i x> / < > .
Bouwnds Oowsustewcgj

X1€{ 2 3 }
X, € { 4 5
XgE{l 2 }
X4€{ 2 3 }

- 1) Make domains intervals
2) Shrink tntervals
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Puget 98 Bounos O (n log w)

Mehlhorn § Thiel Bounos o (n)




The All-Different Constraint

AT DIBRBRENREGESS X e — N X

REOLN ‘94 Domatn o (nt-2d)

Leconte 96 rRange O (W?)

Puget 98 Bounods o (w log n)

Mehlhorn § Thiel Bounds o (w)

Lépez-Ortiz,
Ruimper, Tromp, § Bounds o(n)
van Beek
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Hall’s Marriage Theorem

dom(X;) 3,4
dom(X5) 3,4
dOm(Xg) 1, 2

} Hall tnterval

O A Hall interval is an interval of R values
that contains the domains of R variables.
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Analysis of the Algorithm

VersLon OompLexitgj Note

FLrst verston o2 + m) & lines of C code!

unton-find o (n Log w) The fast’est Ln
data structure practice
Balanced unton-find ey SLLghtLH’ slower t}rlaw
data structure the previous version
Gabow and Tarjan's o) Slower and pages
data structure of code
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The Global Cardinality Constraint

GEE@ X vl e

O A value v must be taken at Least L, timees
and at most w, timees.

O Scheduling: No wore than 2 tasks caw be
executed at a given time.

O Sequencing: We want to restrict the
number of occurrences of an event itn a
sequence.
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The Global Cardinality Constraint

GEE@ X vl e

O [Régin '9¢&] glves a propagator
achieving domain consistency.

O There were no propagators for bounds
consistency.
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O ALl values must be assigned to at most 2 variables.
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O ALl values must be assigned to at most 2 variables.

Xl Hall tnterval

Awn Lnterval containing
as many domaLns as Lts
upper oapacitg.

S| = |{¢|dom(X;) C S}

A e e
»n »n nn U

"

o

1,2}

Upper capacity: [S|=2+2=4
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A Propagator for the UBC

O siumtlar to the one for the all-different
Cownstraint.

O values can have wore thawn one bucket.

1 = Z

2 5
A v
v
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The Lower Bound Constraint

O ALl values must be assigwned to at Least 1 variable.




The Lower Bound Constraint

O ALl values must be assigwned to at Least 1 variable.

X Unstable sSet

A set tntersecting as

many domains as Lts
Lower ca'paaitg.

1S] = [{i | dom(X;) NS # 0}




A Propagator for the LBC

O we adapted the algorithm for the
AlL-different constraint

0 Detects unstable sets rather than
Hall tnatervals.

O Time comPLe)(Lta: o(n)
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The Global Cardinality Constraint |

UBC

LBC

Theorem:

A value has a support in the
qee Lff it has a support L
the UBC and the LBC.

Proot:
Based ow the relationship
between Hall sets and
unstable sets.

Note:
Holds for domain, range,
and bounds oowsistewcg
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A Propagator for the GCC

Filter the
Ul

This algorithm never Loops!

Filter the 'PVOO]C:
o Based on the reLatLowsth
between Hall sets and

s the UBC unstable sets.
Still

Cownslstent? Note:

Holds for domain, range,

and bounds oowsistewogj
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Extended GCC

O EGCC([X1, ..., Xn],[Chy. .., Cu]) is satisfied
whewn Vv Ls taken C, tlmees.

Theoremt Theoremt

whew domains are sets, whewn domains are
testing the satisfiability intervals, filtering
of EGCC is NP-Hard. EqCC takes Linear time.

Katriel § Thiel

v
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Beyond Integer Domains

ALL-DIBEERENIEGE s X = X X,

O variables could be sets, multi-sets, or tu.pLes.

Sets, multi-set, ana tuple variables often have
large domains.

Newciy ol X 1

O We adapted the propagator to obtain a polynomial
comPLexitgz O(nQ'5 3 nzu)
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The Inter-Distance Constraint

INTER-DISTANCE(| X;,..., X,]|,p) < |X; — X;| =2 p

O There must be a gap of p between each variable.

0O wWhen p = 1, we obtain the AlLL-Different
Cownstraint.

0O Scheduling: Execution times must be P UWNLES
of time apart.

0O Radio frequency allocation problem.
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The Inter-Distance Constraint

O [Régiw :37] Lntroouces the gLobaL
minlmunm distance constralnt.

O [Artiouchine § Baptiste '05]

O prove the constraint Ls NP-Hard whewn
varitables are sets.

O achieve bounds cowsistewogj L cuble
tLnee.
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Block Placement

O Place two blocks of size 4 on the axts without
overlappiing them.

1 2 s o S

O No block can have its left end tnside a red zowe.




Internal Adjustment Intervals

Artiouchine & Baptiste ‘05

1-2 3 45 ¢ % 8 94041 S0 1% = §
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Block Placement

O Place the = blocks on the axis such that the blue
blocks are tn the box.

2 B 5 @A 2 9 10

1T B

k5 L2 os B0

O The green box cannot have its Left end instde a

reol zowe.




Parenthesis

B You place n blue blocks of size one
inside a box of size n, You obtain a red
zowe of n elements.

NN N N
ollr 2 =]

O Thts ts a Hall tntervall




Block Placement

O Place the = blocks on the axis such that the blue
blocks are tn the box.

—— A
1|2 ENEE 5 Bl ¢ 9 10

O The green box cannot have its Left end instde a
red zowne
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External Adjustment Intervals

Artiouchine & Baptiste ‘05
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O(n?) x O(n) = O(n?)
/
Number of /

intervals I, ul Total number of
reol Zownes




Number of Adjustment Intervals

Complexitu o
Numwber of reod Zownes ; ,P 3 f
, Artiouchine § Baptiste’s
prooluced per Lnterval

propagator
\ <

O(n?) x O(n) = O(n?)
/
Number of /

intervals I, ul Total number of
reol Zownes
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Dominance

o 1| BNENE > ENFNE| 9|10 11 12
] ]

U

Theorema

OV\,Lg O (W?) red zones needs
to be computed to achieve
bounds cowsistevwg.
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O Uses a sPecLaL data structure to store the
adj ustment tntervals

O Time comPLethg): o (nR)
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Summary

O Bounds consistency for the
AlL-Different Constraint.

O qeweralization of Hall’s marriage
theorem for the gCcC.

O Extension to non-integer domains

O Quadratic propagator for the
Inter-Dilstance.
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